ABSTRACT This paper presents the analysis of tubular linear motors for different shapes of magnets. The appropriate option for refrigeration applications is the single-phase tubular permanent magnet linear motor (TPMLM), which provides high efficiency, high thrust force, and low cogging force. Three design variants of TPMLMs with moving magnet and quasi-Halbach magnetization have been proposed, and their finite-element analysis (FEA) models have been established. Accordingly, analytical methods using Fourier series and Maxwell's equations have been created for the three proposed designs, and the results have been compared. It is found that the results from the analytical method are in good agreement with the FEA results.
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I. INTRODUCTION
Energy efficiency and environmental protection have been the major focuses of recent research, particularly in the field of electrical machines, by designing and building highly efficient machines. In addition to the recent global awareness of the need for environmental protection, great attention has been given to saving of the energy consumed by refrigerators and air conditioners [1] - [3] . A refrigerator consumes 20 to 40% of the total electrical energy in a house and most of the electricity in the refrigerator is consumed for operating the compressor, which usually accounts for more than 80% of the total energy of the refrigerator [4] , [5] . However, the efficiency of the compressor itself is very important for energy saving and the minimization of CO 2 emissions [6] . Therefore, many countries have set guidelines for energy consumption and demand higher energy-efficient appliances to meet the guidelines, which are becoming tougher year by year [7] , [8] . Up to this time, most refrigeration appliances use conventional rotary compressors which account for a large part of the electricity consumption. In fact, the conventional reciprocating compressor uses mechanical means, such as a crank mechanism for converting rotary motion to linear reciprocating movement in order to push the piston. This crank mechanism leads to significant friction losses. Thus, there are great difficulties in increasing the efficiency of conventional rotary compressors, so new types of compressors (linear compressor) have been given much attention by many researchers [6] , [9] - [13] . The linear compressor has numerous advantages over the conventional rotary compressor: it does not produce any side load on the sliding bearings, can be connected directly to the payload without a gearbox, and is small in physical size, robust and more reliable [14] - [17] . Thus, linear electric machines are becoming more and more important and highly required in today's several applications. This paper presents the details of the analytical methods based on Maxwell's equations and Fourier series for the proposed tubular permanent magnet motors (TPMLMs). Analytical methods using Matlab software are used to verify the results obtained from finite element analysis (FEA) for the proposed designs.
II. OPEN-CIRCUIT MAGNETIC FIELD DISTRIBUTION
The analytical method uses explicit equations that have the particularity to conserve an analytical expression after their resolution, so the parameters of the model can be written as a function of the other parameters. This analytical method is based on Maxwell's equations and Fourier series [18] . However, in order to verify the FEA results of the proposed designs, the results obtained from FEA were compared with those obtained from the analytical method that used Matlab software.
Therefore, analysis of the open-circuit magnetic field distribution is fundamental to the analytical method and a key element of the design process. Fig. 1, Fig. 2 and Fig. 3 show the three proposed motors with rectangular-shaped magnets, trapezoidal-shaped magnets, and T-shaped magnets, respectively. All these designs comprise three magnets that are radially magnetized and two magnets that are axially magnetized, and utilize quasi-Halbach magnetization. In all motors, the open-circuit magnetic field analysis was confined to two regions; region I was an airspace region where the permeability is µ 0 , and region II is the magnet region where the permeability is µ 0 µ r , µ r being the relative permeability, which for rare-earth permanent magnets (PMs) is close to unity.
However, in order to establish an analytical expression for the magnetic field distribution in the proposed motors, the following assumptions were made [19] :
(i) The stator is slotless and the permeability of the iron is infinite. However, slotting effects can be taken into account by introducing Carter's coefficient, K c , given by the following expression [20] :
where T t is the stator slot-pitch, g = g + h m /µ r , and the slotting factor γ is given by [20] :
where b 0 is the length of the slot opening. The effective air gap length, g e and the equivalent stator core radius R se are expressed, respectively, as:
(ii) The axial length of the proposed TPMLMs is infinite and comprises an infinitely long iron sleeve and a series of PMs armatures, which are separated by the axial distance, T l , which is much longer than the pole-pitch, T P [21] . (iii) The third assumption is justified by the fact that the stator is axially longer than the translator such that at the rated stroke range, the magnet armature extends only slightly beyond the stator iron. Therefore, the magnetic flux density, B, in region I and region II, respectively, can be expressed as
The analytical models of the magnetization distributions for both the radial component and axial component of the quasi-Halbach magnetized motor with rectangular-shaped PMs, trapezoidal-shaped PMs and T-shaped PMs are presented in Fig. 4 , Fig. 5 and Fig. 6 , respectively.
Generally, the governing field equations of the TPMLM in the cylindrical coordinate system, in terms of the vector magnetic potential, A θ , are given by (7) for the airspace region and (8) for the magnet region [19] , [22] , [23] .
∂ ∂z ∂ ∂z
The magnetization, M , of the linear machine in the cylindrical coordinate system can be expressed as [21] , [22] 
The magnetization distribution was expandable into Fourier series, with M r and M z expressed as a function of z as in (10) and (11), respectively [21] .
where M r and M z denote the components of M in the radial and axial directions, respectively, and m n = 2π n/T lp . Let the total length of the moving-magnet be l t , and the axial length of the pole-pitch be T P ; therefore, the pole-pitch may be expressed as a function of the translator length and the number of poles, p, as
Therefore, based on the schematic representation of the two-pole TPMLM in Fig. 1 , the pole-pitch can be derived as T P = T mr + T mz (14) T P = 2T mr2 + T mz (15) From (15),
Substituting (16) in (13) results in
The fundamental period of the magnetization, T lp is defined as T lp = T p + T l , and T p is defined as T p = T mr + T mz , and T l is the separation distance between two adjacent armatures and must be much greater than the T p . Thus, from Fig. 4 and the theoretical waveforms of quasi-Halbach magnetization of the proposed motor with rectangular magnets, the M rn and M zn for TPMLM are given by [24] , [25] 
Therefore, Equation (8) can be rewritten as in (21):
where
It should be noted that it is possible to derive an analytical solution for the magnetic field distribution of the short-stroke TPMLM using the techniques described in [19] and [25] subject to the following boundary conditions:
In the three proposed designs, the analytical solution of the magnetic field distribution can be established by taking into account the finite length of the moving-magnet translator. By solving Equations (7) and (21) subject to the boundary conditions (23), the flux density components are given as [19] , [21] , [25] : 
The parameters of (28) and (29) 
The governing field equation of the TPMLM in cylindrical coordinates in the PMs region can be expressed as
where P n is given by
The boundary conditions that need to be satisfied have been presented in (23) .
For TPMLM with T-shaped magnets, from Fig. 6 and the theoretical waveforms of quasi-Halbach magnetization of the proposed motor with T-shaped magnets, hence, the M rm and M zm for TPMLM are expressed as
The parameters of (41) 
The governing field equation of the TPMLM with T-shaped magnets in cylindrical coordinates in the magnets region can be expressed as
where P m is given by
III. THRUST FORCE, BACK-EMF AND FLUX-LINKAGE
The flux-linkage in the winding of the motor can be computed by taking the following integration [25] :
whereN c is the number of turns, b 0 is the width of the stator slot opening, T wp is the axial position of the coil center and z d is the axial displacement of the translator. Therefore, the total flux-linkage is given by [21] 
The induced B-EMF, e c , in a single-phase stator winding may be computed as [19] :
where N wp , K dpn and K E (z d ) are the number of the series turns per phase, the winding factor and the B-EMF coefficient, respectively. When v t is the velocity of the translator,
is the thrust force coefficient of the TPMLM and i a is the excitation current of the stator coil, the resultant instantaneous thrust force can be expressed as [21] : 
IV. MAGNETIZATION PATTERNS A. QUASI-HALBACH MAGNETIZATION OF RECTANGULAR-SHAPED MAGNETS
Confirmation of each magnetization distribution, such as the radial and axial components of magnetization, is clearly essential in order to determine accurate results from the derived analytical expressions and to predict the performance of the motors. Fig. 7 shows the Fourier series approach used to model quasi-Halbach magnetizations with rectangular magnets, and provides a sufficiently accurate representation of both the radial and axial magnetization components. quasiHalbach magnetization patterns, is comprised three radially magnetized magnets placed at ends and the centre as well as two axially magnetized magnets. The usage of quasiHalbach magnetization patterns in a motor offers numerous attractive features, such as a sinusoidal field distribution as well as sinusoidal waveform of a back-EMF, which results in a minimum electromagnetic force ripple and the possibility of being optimized to have an almost zero cogging force.
B. QUASI-HALBACH MAGNETIZATION OF TRAPEZOIDAL-SHAPED MAGNETS
Normally, for a quasi-Halbach magnetization distribution, the M r and M z components of magnetization, when magnets having trapezoidal-shaped are utilized, vary in a much more complex manner with respect to both r and z. However, a relatively simple approach has been developed whereby the distributions of the M r and M z are synthesized by subtracting and/or adding much simpler magnetization distributions. These are expressed as function z alone, and each of these simple magnetization distributions is expanded into a Fourier series. For example, in order to obtain the radial magnetization distribution, M rnT 3 at the middle of the central radially magnetized magnet is subtracted from M rnT 4 as illustrated in Fig. 8 . The same process is employed to obtain the magnetization distribution due to the two end radially magnetized magnets, M rnT 2 , being subtracted from M rnT 1 as in Fig. 9 . The axial magnetization distribution, M z , is similarly synthesized from three simplified distributions, namely M znT 1 , M znT 2 and M znT 3 , which are represented by Fourier series. By adding all three magnetization distributions, the resultant axial magnetization is obtained, as illustrated in Fig. 10 , whilst the resultant axial magnetization distribut-ion of the trapezoidal-shaped magnets is shown in Fig. 11 .
C. QUASI-HALBACH MAGNETIZATION OF T-SHAPED MAGNETS
The radial and axial components of magnetization for a quasiHalbach magnetization distribution when T-shaped magnets utilized are synthesized from some of simpler magnetization distributions. These are expressed as function z alone, and each of these simple magnetization distributions is expanded into a Fourier series. Therefore, the radial magnetization distribution, M rmT 3 , at the middle of the central radially magnetized magnet is subtracted from M rmT 4 as illustrated in Fig. 12 . The same process is utilized to obtain the magnetization distribution of the two end radially magnetized magnets, M rmT 2 , being subtracted from M rmT 1 as shown in Fig. 13 .
The axial magnetization distribution, M z , is similarly synthesized from three simplified distributions, namely M zmT 1 , M zmT 2 and M zmT 3 , which are represented by Fourier series. By adding all three magnetization distributions, the resultant axial magnetization is obtained as illustrated in Fig. 14 the resultant axial magnetization distribution of the T-shaped magnets is shown in Fig. 15 .
V. COMPARISON OF ANALYTICAL AND FEA RESULTS OF THE AIR GAP FLUX DENSITY
When an accurate Fourier series representation for the radial and axial components of magnetization has been established as described, the analytical model for the opencircuit magnetic field distribution for the proposed designs of the TPMLM can be investigated. Initially, the main design parameters for the three motors were assumed to be identical. The dimension of the outer radius of the magnets, the axial length of the radially magnetized magnet at the center of the quasi-Halbach, the axial length of axially magnetized magnets, and other parameters are listed in our previous published work [26] . The analytically predicted and FEA calculated distributions of the radial and axial flux density components in the air gap as a function of the axial position at a zero displacement of the translator were compared. flux densities, for the quasi-Halbach magnetized motor with rectangular-shaped PMs. It can be observed that the analytical solutions agree well with the FEA results, while the main cause of any discrepancies is discretization errors in regions where the components of flux density vary rapidly. Fig. 18 and Fig. 19 compare the analytical and FEA results of the radial and axial magnetic flux density for the quasi- Halbach magnetized TPMLM with trapezoidal-shaped PMs. As will be observed, again the analytical solution agrees extremely well with the FEA prediction. Fig. 20 and Fig. 21 compare the analytical and FEA results of the radial and axial air gap magnetic flux density for the quasi-Halbach magnetized TPMLM with T-shaped PMs. As will be observed, also the analytical solution agrees extremely well with the FEA prediction. Fig. 22 and Fig. 23 compare the air gap radial and axial magnetic flux density of the quasi-Halbach magnetized TPMLMs equipped with rectangular-shaped, trapezoidalshaped and T-shaped PMs. As it can be observed, it is slight difference in the flux density distributions result from the different magnet configurations. Moreover, it is shown that the trapezoidal magnets result in a slightly higher air gap flux density, thus yielding a marginally higher force capability.
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VII. COMPARISON OF ANALYTICAL AND FEA RESULTS FOR BACK-EMF, FLUX-LINKAGE AND THRUST FORCE
A. TPMLM WITH RECTANGULAR-SHAPED MAGNETS linkage and thrust force waveforms provided confirmation that the FEA is a viable method for the modeling and design of the electrical machines since it is less timeconsuming and a more effective way of optimizing the motor design.
VIII. CONCLUSION
This paper presents the details of the analytical methods based on Maxwell's equations and Fourier series for three proposed tubular permanent magnet motors (TPMLMs) for refrigeration applications. The three proposed design variants of TPMLMs use moving-magnet and quasi-Halbach magnetization, and different magnet shapes such as rectangular, trapezoidal and T-shaped magnets. However, the analytical formula for predicting the open-circuit magnetic field distribution of the air gap, the back-EMF, the flux linkage and thrust force have been established. The results obtained from the analytical methods using Matlab software have been compared to the results obtained from finite element analysis (FEA) for these proposed designs. It is found that the analytical methods and FEA predictions of the linear motors under consideration agree reasonably well. The good agreement between the analytical method and FEA provide assurance of the design accuracy.
APPENDIX
Appendix A is the coefficient of the permanent-magnet linear motors. Therefore, when 
